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STABILITY OF THE SURFACE AREA PRESERVING MEAN
CURVATURE FLOW IN EUCLIDEAN SPACE
ZHENG HUANG AND LONGZHI LIN
Abstract. We show that the surface area preserving mean curvature flow
in Euclidean space exists for all time and converges exponentially to a round
sphere, if initially the L2-norm of the traceless second fundamental form is
small (but the initial hypersurface is not necessarily convex).
1. Introduction
Let Mn be a smooth, embedded, closed (compact, no boundary) n-dimensional
manifold in Rn+1, and we evolve it by the surface area preserving mean curvature
flow, that is,
(1.1)
∂F
∂t
= (1− hH) ν, F (·, 0) = F0(·) .
Here F0 : M
n → Rn+1 is the initial embedding, and H = H(x, t) is the mean
curvature and ν = ν(x, t) is the outward unit normal vector of Mt = F (·, t) at
point (x, t) (for simplicity, we simply write (x, t) ∈ Mt). And the function h is
given by
(1.2) h = h(t) =
∫
Mt
H dµ∫
Mt
H2 dµ
,
where dµ = dµt denotes the surface area element of the evolving surface Mt with
respect to the induced metric g(t). Clearly we have H 6≡ 0 on M0 since there is no
closed minimal hypersurface in Euclidean space. A good monotonicity property of
the surface area preserving mean curvature flow (1.1) is that the surface area of Mt
remains unchanged and the volume of the (n + 1)-dimensional region enclosed by
Mt is non-decreasing along the flow, see Corollary 2.3.
We denote A = {aij} as the second fundamental form of Mt and its traceless
part as A˚ = A − Hn g. Then we have |A˚|2 = |A|2 − 1nH2. This quantity measures
the roundness of the hypersurface.
In this paper, we prove the following theorem on the stability of this surface area
preserving mean curvature flow:
Theorem 1.1. Let Mnt ⊂ Rn+1, n ≥ 2, be a smooth compact solution to the surface
area preserving mean curvature flow (1.1) for t ∈ [0, T ) with T ≤ ∞. Assume that
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h(0) > 0. There exists ǫ > 0, depending only on M0 and h(0), such that if
(1.3)
∫
M0
|A˚|2 dµ ≤ ǫ ,
then T =∞ and the flow converges exponentially to a round sphere.
Remark 1.2. The idea of using an initial second fundamental form condition to
pursue convergence of the flow was probably first studied in the case of Ricci flow
([Ye93]), later in the case of Ka¨hler-Ricci flow ([Che06, CLW09] and others). The
setting for the stability of the volume preserving mean curvature flow was studied
by Escher-Simonett ([ES98]) and Li ([Li09]), under different set of conditions.
Escher-Simonett’s approach is a center manifold analysis while Li’s approach is to
apply a parabolic version of the Moser iteration method. Our approach is similar
to the idea of iteration in [Ye93, Li09], in the cases of Ricci flow and volume
preserving mean curvature flow, respectively. Howover, the analytical nature of
our case, namely the surface area preserving mean curvature flow, is much more
complicated than that of the volume preserving mean curvature flow, since the
function h(t) contains two integral terms both involving the mean curvature. Our
approach is expected to be able to use to investigate the more general mixed volume
mean curvature flow studied in ([McC04]).
Remark 1.3. In [McC03], McCoy proved that the surface area preserving mean
curvature flow exists for all time and converges to a sphere if the initial hypersurface
is strictly convex. As in the case of volume preserving mean curvature flow initiated
by Huisken in [Hui87], strict convexity of the initial surface is essential. In our
setting, we do not assume any convexity for the initial hypersurface. Under the
conditions of the Theorem 1.1, evolving surfaces become mean convex instantly
after flow starts (see equation (3.25)).
Outline of the proof: Our strategy is conventional: based on the initial bounds,
we prove bounds on some time interval for several geometric quantities (Theo-
rem 3.2), then we prove exponential decay for these quantities on the time interval
of the interest (Theorem 3.6), which allows us to obtain uniform bounds for these
quantities on the interval (Theorem 4.1), therefore we can repeat above arguments
to extend the time interval (Theorem 4.2), and the amount of extension only de-
pends on the initial conditions. Main theorem then follows.
Plan of the paper: There are four sections. In §2, we collect evolution equations
for various geometric quantities associated to this flow, and provide some classic
results that will be used in the proof. The proof of the main theorem is contained
in the last two sections: we provide key estimates and prove exponential decay for
|A˚| and other quantities in §3, and we use these estimates to prove the long-time
existence and exponential convergence in §4.
Acknowledgements. The research of Z. H. is partially supported by a PSC-
CUNY award, and Provost’s Research Scholarship of CUNY-CSI.
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2. preliminaries
We collect some necessary preliminary results in this section. In §2.1, we obtain
evolution equations for some key quantities and operators, many of which were
derived in [McC03]; in §2.2, we state and use Hamilton’s interpolation inequalities
for tensors to obtain a L2 estimate (Lemma 2.11) on the gradients of the tensor A˚.
A version of the parabolic maximum principle is also stated.
2.1. Evolution of geometric quantities. We start with the short time existence
of the surface area preserving mean curvature flow (1.1) that is guaranteed by a
work of Pihan:
Theorem 2.1. ([Pih98]) Let M0 be a smooth embedded compact n-dimensional
manifold in Rn+1. Assume that H 6= 0 at some point of M0 and h(0) > 0, then
there exists T0 > 0 such that the surface area preserving mean curvature flow (1.1)
exists and is smooth for t ∈ [0, T0).
We now collect and derive some evolution equations of several geometric quan-
tities which will be used later. These quantities are:
(1) the induced metric of the evolving surface Mt: g(t) = {gij(t)};
(2) the second fundamental form of Mt: A(•, t) = {aij(•, t)}, and its square
norm given by
|A(•, t)|2 = gijgklaikajl;
(3) the mean curvature of Mt with respect to the outward normal vector:
H(•, t) = gijaij ;
(4) the traceless part of the second fundamental form: A˚ = A− Hn g;
(5) the surface area element of Mt: dµt =
√
det(gij).
Lemma 2.2. ([McC03]) The metric of Mt satisfies the evolution equation
(2.1)
∂
∂t
gij = 2(1− hH)aij .
Therefore,
(2.2)
∂
∂t
gij = −2(1− hH)aij
and
(2.3)
∂
∂t
(dµt) = H(1− hH)dµt.
Moreover, the outward unit normal ν to Mt satisfies
(2.4)
∂ν
∂t
= h∇H .
As an easy consequence of (2.3), we have
Corollary 2.3. ([McC03])
(1) The surface area |Mt| of Mt remains unchanged along the flow, i.e.,
d
dt
∫
Mt
dµ =
∫
Mt
(1− hH)H dµ = 0 .
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(2) The volume of Et, the (n+ 1)-dimensional region enclosed by Mt, is non-
decreasing along the flow, i.e.,
d
dt
Vol (Et) =
∫
Mt
dµ−
(∫
Mt
H dµ
)2∫
Mt
H2 dµ
≥ 0 .
Remark 2.4. In Euclidean space, among all closed hypersurfaces, the sphere is of
the least surface area with fixed enclosed volume, and as well as of the largest
enclosed volume with fixed surface area. Therefore from this point of view, it is
natural to study the sphere via both the volume preserving mean curvature flow
and the surface area preserving mean curvature flow.
Theorem 2.5. ([McC03]) The second fundamental form satisfies the following
evolution equation:
(2.5)
∂
∂t
aij = h∆aij + (1− 2hH)ami amj + h|A|2aij ,
where ami = g
mlali.
Corollary 2.6. ([McC03]) We have the evolution equations for H, |A|2 and |A˚|2:
(i) ∂∂tH = h∆H − (1− hH)|A|2;
(ii) ∂∂t |A|2 = h
(
∆|A|2 − 2|∇A|2 + 2|A|4)− 2tr (A3),
where tr
(
A3
)
= gijgklgmnaikalmanj . Therefore we also have
(iii) ∂∂t |A˚|2 = h∆|A˚|2 − 2h|∇A˚|2 + 2h|A|2|A˚|2 − 2
(
tr(A˚
3
) + 2nH |A˚|2
)
, where
|∇A˚|2 = |∇A|2 − 1n |∇H |2.
Proof. The last equation here is equivalent to the one from [McC03]. To see this,
we used the following fact (see page 335 of [Li09]):
tr
(
A3
)− 1
n
|A|2H = tr
(
A˚
3
)
+
2
n
|A˚|2H.
We can then derive the evolution equations for the square norm of the gradients
of the second fundamental form.
Corollary 2.7. We have the evolution euqation for |∇mA|2:
∂
∂t
|∇mA|2 =h∆|∇mA|2 − 2h|∇m+1A|2 +
∑
i+j+k=m
∇iA ∗ ∇jA ∗ ∇kA ∗ ∇mA
+
∑
r+s=m
∇rA ∗ ∇sA ∗ ∇mA ,(2.6)
where S ∗ Ω denotes any linear combination (involving h) of tensors formed by
contraction on S and Ω by the metric g.
Proof. The time derivative of the Christoffel symbols Γijk is equal to
∂
∂t
Γijk =
1
2
gil
{
∇j
(
∂
∂t
gkl
)
+∇k
(
∂
∂t
gjl
)
−∇l
(
∂
∂t
gjk
)}
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= gil {∇j ((1 − hH)akl) +∇k ((1 − hH)ajl)−∇l ((1 − hH)ajk)}
= A ∗h ∇A+∇A ,
where ∗h = ∗ denotes the contraction on tensors involving h in the coefficients.
Here we have also used the evolution equation for the metric, i.e., (2.1). Then we
can proceed as in [Ham82, §13] (see also [Hui84, §7]) to get (2.6).
In addition, we will need the following lemma on the time-derivative of the
function h(t) =
∫
Mt
H dµ
∫
Mt
H2dµ
:
Lemma 2.8.
∂
∂t
h =
∫
Mt
[−(1− 2hH)(1− hH)|A|2 +H2(1 − hH)2 + 2h2|∇H |2 ]dµ∫
Mt
H2 dµ
.
Proof. For the sake of completeness, we compute as follows:
∂
∂t
h =
∂
∂t
( ∫
Mt
H dµ∫
Mt
H2 dµ
)
=
(∫
Mt
H2 dµ
)−1 [∫
Mt
−(1− hH)|A|2 +H2(1− hH) dµ
]
−
(∫
Mt
H2 dµ
)−1 [∫
Mt
−2h2|∇H |2 − 2hH(1− hH)|A|2 + hH3(1 − hH) dµ
]
=
∫
Mt
[−(1− 2hH)(1− hH)|A|2 +H2(1− hH)2 + 2h2|∇H |2 ]dµ∫
Mt
H2 dµ
.
2.2. Interpolation inequalities and maximum principle. We will need the
following Hamilton’s interpolation inequalities for tensors.
Theorem 2.9. ([Ham82]) Let M be an n-dimensional compact Riemannian man-
ifold and Ω be any tensor on M . Suppose
1
p
+
1
q
=
1
r
with r ≥ 1 .
We have the estimate(∫
M
|∇Ω|2r dµ
)1/r
≤ (2r − 2 + n)
(∫
M
|∇2Ω|p dµ
)1/p (∫
M
|Ω|q dµ
)1/q
.
Theorem 2.10. ([Ham82]) Let M and Ω be the same as the Theorem 2.9. If
1 ≤ i ≤ n − 1 and m ≥ 0, then there exists a constant C = C(n,m) which is
independent of the metric and connection on M , such that the following estimate
holds: ∫
M
|∇iΩ|2m/i dµ ≤ C max
M
|Ω|2(m/i−1)
∫
M
|∇mΩ|2 dµ .
As an application of these inequalities, we provide an estimate that will be used
later.
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Lemma 2.11. For any m ≥ 1 we have the estimate
d
dt
∫
Mt
|∇mA|2 dµ+ 2h
∫
Mt
|∇m+1A|2 dµ ≤ C max
Mt
(|A|2 + |A|) ∫
Mt
|∇mA|2 dµ ,
where C = C(n,m, |h|).
Proof. By integrating (2.6) of Corollary 2.7 and using the generalized Ho¨lder in-
equality we have
d
dt
∫
Mt
|∇mA|2 dµ−
∫
Mt
(1− hH)H |∇mA|2 dµ+ 2h
∫
Mt
|∇m+1A|2 dµ
≤C
{(∫
Mt
|∇iA|2m/i dµ
)i/2m (∫
Mt
|∇jA|2m/j dµ
)j/2m (∫
Mt
|∇kA|2m/k dµ
)k/2m
+
(∫
Mt
|∇rA|2m/r dµ
)r/2m(∫
Mt
|∇sA|2m/s dµ
)s/2m}(∫
Mt
|∇mA|2 dµ
)1/2
,
with i+ j + k = r + s = m.
Applying Lemma 2.10 for tensor A, we get(∫
Mt
|∇qA|2m/q dµ
)q/2m
≤ C max
Mt
|A|1−q/m
(∫
Mt
|∇mA|2 dµ
)1/2m
,
where q = i, j, k, r, s.
Also note that∫
Mt
|(1− hH)H |∇mA|2dµ ≤ max
Mt
{|H |+ |h|H2}
∫
Mt
|∇mA|2dµ
≤ C(n, |h|)max
Mt
(|A|2 + |A|) ∫
Mt
|∇mA|2dµ.
Combining these inequalities thus completes the proof.
We will need the following version of the maximum principle, especially in the
proof of the Theorem 3.2.
Theorem 2.12. (Maximum principle, see e.g. [CLN06, Lemma 2.12]) Suppose
u :M × [0, T ]→ R satisfies
∂
∂t
u ≤ aij(t)∇i∇ju+ 〈B(t),∇u〉 + F (u) ,
where the coefficient matrix
(
aij(t)
)
> 0 for all t ∈ [0, T ], B(t) is a time-dependent
vector field and F is a Lipschitz function. If u ≤ c at t = 0 for some c > 0, then
u(x, t) ≤ U(t) for all (x, t) ∈ Mt, t ≥ 0, where U(t) is the solution to the following
initial value problem:
d
dt
U(t) = F (U) with U(0) = c .
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3. Proof of Theorem 1.1: estimates
We break our proof into two sections. In this section, we provide key estimates
that will be needed: in §3.1, we establish the L∞-bound for A˚ from its L2 bound;
in §3.2, we prove the exponential decay for |A˚|.
3.1. Establishing bounds for geometric quantities. Let us start with a result
of Topping which plays an important role in the key estimates we will focus on in
this subsection.
Lemma 3.1. ([Top08]) Let M be an n-dimensional closed, connected manifold
smoothly immersed in RN , where N ≥ n+ 1. Then the intrinsic diameter and the
mean curvature H of M are related by
diam (M) ≤ C(n)
∫
M
|H |n−1 dµ .
We now prove the following key estimates. This allows us to obtain the L∞-
bound for A˚, |∇H | and |1− hH | on some time interval. More specifically,
Theorem 3.2. Let Mnt ⊂ Rn+1, n ≥ 2, be a smooth compact solution to the surface
area preserving mean curvature flow (1.1) for t ∈ [0, T ) with T ≤ ∞. Assume that
(3.1) max
M0
|A| ≤ Λ0 and 1
Λ0
≤
{
h(0) ,
∫
M0
H2 dµ ,
∫
M0
|∇mA|2 dµ
}
≤ Λ0,
for some Λ0 ≥ 2 sufficiently large and all m ∈ [1, m̂] with m̂ sufficiently large. Then
there exists ǫ0 = ǫ0(n, |M0|,Λ0) > 0 and T1 = T1(Λ0) ≤ 1, such that if
(3.2)
∫
M0
|A˚|2 dµ ≤ ǫ ≤ ǫ0 ,
then for all t ∈ [0, T1] we have
(3.3) max
Mt
|A| ≤ 2Λ0 and 1
2Λ0
≤
{
h(t) ,
∫
Mt
H2 dµ
}
≤ 2Λ0 .
Moreover, there exists C1 = C1(n, |M0|,Λ0) and some universal constant α ∈ (0, 1)
such that for any t ∈ [0, T1]
(3.4) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C1ǫα .
Remark 3.3. It is very important to keep track of the dependence of constants on
geometric quantities. As we shall see from the proof below, the constant C1 =
C1(n, |M0|,Λ0) is non-decreasing in Λ0.
Proof. By the short time continuity, we first let t1 > 0 be the maximal time such
that for all t ∈ [0, t1] we have
(3.5) max
Mt
|A| ≤ 2Λ0 and 1
2Λ0
≤
{
h(t) ,
∫
Mt
H2 dµ
}
≤ 2Λ0 .
Now using the fact that |tr (A3) | ≤ |A|3 (see Lemma 2.2 [HS99]), and Kato’s
inequality |∇|A|| ≤ |∇A|, we derive from (ii) of Corollary 2.6 to find
∂
∂t
|A| ≤ h∆|A|+ 2Λ0|A|3 + |A|2 on Mt for all t ∈ [0, t1] .
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Then by the maximum principle (Theorem 2.12), we have:
max
Mt
|A| ≤ U(t) for all t ∈ [0, t1] , with U(0) = Λ0,
where U(t) > 0 solves
2Λ0 ln
(
2Λ0 +
1
U
)
− 1
U
= t+ 2Λ0 ln
(
2Λ0 +
1
Λ0
)
− 1
Λ0
.
Therefore, there exists 0 < t2 = t2(Λ0) ≤ 1 such that
(3.6) max
Mt
|A| ≤ 3Λ0
2
for all t ∈ [0, t2] .
Then the first assertion of the Theorem, namely, (3.3), is obtained from the
following technical lemma by setting T1 = min{t1, t2}.
Lemma 3.4. There exists some constant ǫ0 = ǫ0(n, |M0|,Λ0) > 0 such that if the
condition (3.2) is satisfied, then
t1 ≥ t2 = t2(Λ0) .
Proof. of the Lemma 3.4: Suppose this is not the case, then we have t1 < t2 ≤ 1.
Then by (3.5) and (3.6), we deduce that at time t = t1 either h(t) or
∫
Mt
H2dµ
achieves the extreme value 2Λ0 or
1
2Λ0
.
Now since {maxMt |A|, h(t)} ≤ 2Λ0 for all t ∈ [0, t1], integrating the equation
(2.6) of the Corollary 2.7 overMt, and using Hamilton’s interpolation inequality for
tensors (Lemma 2.10), we have the uniform bound on all the higher order derivatives
of A, which only depends on n and Λ0 (more precisely, maxt |h(t)|,maxMt |A| and
the initial bound on the L2-norm of all the derivatives of A in (3.1)). In particular,
for all m ∈ [1, m̂], we have:
(3.7) max
Mt
|∇mA| ≤ C(n,Λ0) for t ∈ [0, t1] ,
c.f. [Hui84, Lemma 8.3].
Now we integrate the evolution equation for A˚, namely, the equation (iii) of the
Corollary 2.6 over Mt for t ∈ [0, t1], to get
∂
∂t
∫
Mt
|A˚|2 dµ−
∫
Mt
|A˚|2H(1− hH) dµ
=
∫
Mt
[
−2h|∇A˚|2 + 2h|A|2|A˚|2 − 2
(
tr(A˚
3
) +
2
n
H |A˚|2
)]
dµ ,
and therefore
(3.8)
∂
∂t
∫
Mt
|A˚|2 dµ ≤ C(n,Λ0)
∫
Mt
|A˚|2 dµ for all t ∈ [0, t1] ,
where we have used |H | ≤ √n|A| ≤ 2√nΛ0 and |tr(A˚3)| ≤ |A˚|3 ≤ 2Λ0|A˚|2 .
Therefore, using (3.8) and the assumption that
∫
M0
|A˚|2 dµ ≤ ǫ ≤ ǫ0, we now get
(3.9)
∫
Mt
|A˚|2 dµ ≤ ǫeC(n,Λ0)t ≤ C(n,Λ0)ǫ for all t ∈ [0, t1] ,
where we abuse our notation for C(n,Λ0).
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Now we observe from Hamilton’s interpolation inequality (Lemma 2.9 with r =
1, p = q = 2):
(3.10)
∫
Mt
|∇A˚|2 dµ ≤ n
(∫
Mt
|A˚|2 dµ
) 1
2
(∫
Mt
|∇2A˚|2 dµ
) 1
2
≤ C(n,Λ0)ǫ 12 ,
where we used |∇2A˚| ≤ C(n)|∇2A| and (3.7). In fact, using (3.7) and applying
Lemma 2.9 inductively, we have, for all m ∈ [1, m̂],
(3.11)
∫
Mt
|∇mA˚|2 dµ ≤ C(n,m,Λ0)ǫ 12m for all t ∈ [0, t1] .
This together with Lemma 2.10 imply that, for all t ∈ [0, t1],∫
Mt
|∇mA˚|p dµ ≤ C(n,m, p,Λ0)ǫ
1
mp for all m ∈ [1, m̂] and p <∞.
This yields, by the standard Sobolev inequality (see e.g. [Aub98, §2]), that for
some universal constant α ∈ (0, 1), and all m ∈ [1, m̂], and t ∈ [0, t1], we have
(3.12) max
Mt
|∇mA˚| ≤ C(n,m,Λ0)ǫα.
In particular, using [Hui84, Lemma 2.2], for all t ∈ [0, t1] we have
(3.13) max
Mt
|∇H | ≤ C(n)max
Mt
|∇A˚| ≤ C1(n,Λ0)ǫα .
Therefore, using (3.5) (3.13) and Topping’s Theorem 3.1, we have
|1− hH |(x, t) =
(∫
Mt
H2 dµ
)−1 ∣∣∣∣∫
Mt
H2 dµ−H(x, t)
∫
Mt
H dµ
∣∣∣∣
≤ 2Λ−10 diam (Mt)
∫
Mt
|∇H ||H | dµ
≤ C1(n, |M0|,Λ0)ǫα ,(3.14)
for all (x, t) ∈ Mt and all t ∈ [0, t1]. Here we abuse the notation on C1 but we are
allowed to choose a larger constant C1 than previously in (3.13).
Now consider the evolution equation for H2, that is (see the equation (i) of
Corollary 2.6)
(3.15)
∂
∂t
H2 = h∆H2 − 2h|∇H |2 − 2(1− hH)H |A|2 .
Integrating this over Mt we get
(3.16)
∂
∂t
∫
Mt
H2 dµ =
∫
Mt
H3(1 − hH)− 2h|∇H |2 − 2(1− hH)H |A|2 dµ ,
where the first term on the right-hand side comes from the time derivative of µt,
i.e., the equation (2.3).
Therefore we have (using 0 < ǫ ≤ 1):
(3.17)
∣∣∣∣ ∂∂t
∫
Mt
H2 dµ
∣∣∣∣ ≤ C(n,Λ0)|M0|ǫα for all t ∈ [0, t1] .
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Similarly, using the evolution equation for h, that is, the Lemma 2.8, we have
(3.18)
∣∣∣∣ ∂∂th
∣∣∣∣ ≤ C(n,Λ0)|M0|ǫα for all t ∈ [0, t1] .
Integrating (3.17) and (3.18) over [0, t1] (note that t1 < t2 ≤ 1), and choosing
ǫ0 = ǫ0(n, |M0|,Λ0) ≥ ǫ sufficiently small, we obtain
2
3Λ0
≤
{
h(t1) ,
∫
Mt1
H2 dµ
}
≤ 3Λ0
2
.
This contradicts with the assumption that either h(t1) or
∫
Mt1
H2dµ achieves the
extreme value 2Λ0 or
1
2Λ0
. Therefore T1 = t2(Λ0).
To see (3.4), we can repeat the above argument by replacing t1 by t2 = T1. Note
that (3.9), (3.12) and Lemma 3.1 together yield a bound on maxMt |A˚| in terms of
n, |M0|,Λ0 and ǫ for all t ∈ [0, t1]. Bounds for |∇H | and |1 − hH | are as in (3.13)
and (3.14), respectively. We will still call this bound C1 = C1(n, |M0|,Λ0) which is
chosen to be larger than the C1’s in (3.13) and (3.14). Now the proof is complete.
Remark 3.5. Our conditions (3.1) appear to be necessary for the case of the volume
preserving mean curvature flow in [Li09] for the initial hypersurface. Moreover, a
more general form of the Kato’s inequality for |∇A˚| is probably not true, but
appears to be necessary to deploy Moser’s parabolic iteration in [Pages 337, 338
and 340, [Li09]]. We do not use the iteration method here to obtain the L∞ bounds
for |A˚|, |∇H | and |1− hH |.
3.2. Establishing the exponential decay for geometric quantities. Previ-
ously we have obtained a time T1 = T1(Λ0) which only depends on the initial
hypersurface, and ǫ0 = ǫ0(n, |M0|,Λ0) small enough such that if the initial L2 norm
of A˚ is small (see (3.2)), then we have estimates (3.3) and (3.4) on time interval
[0, T1]. In this subsection, we show that if on some time interval [0, T ), estimates
similar to (3.3) and (3.4) hold, then we can choose an ǫ small enough for the initial
L2 bound on A˚, such that |A˚|, |∇H | and |1−hH | decay exponentially on this time
interval [0, T ). More precisely,
Theorem 3.6. Let Mnt ⊂ Rn+1, n ≥ 2, be a smooth compact solution to the surface
area preserving mean curvature flow (1.1) with initial condition (3.1). Suppose that
for any t ∈ [0, T ), T ≤ ∞, we have
(3.19) max
Mt
|A| ≤ Λ1 and 1
Λ1
≤
{
h(t) ,
∫
Mt
H2 dµ
}
≤ Λ1
and
(3.20) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ Cˆǫβ
for some β > 0. Then there exists ǫ1 = ǫ1(n, |M0|,Λ1, Cˆ, β) > 0 such that if
(3.21)
∫
M0
|A˚|2 dµ ≤ ǫ ≤ ǫ1 ,
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then for all t ∈ [0, T ) we have
(3.22) max
Mt
|A˚| ≤
(
max
M0
|A˚|
)
e−δt
and
(3.23) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C2(n, |M0|,Λ1, Cˆ)(max
M0
|A˚|
)α
e−αδt ,
where δ = 1
4nΛ2
1
|M0|
> 0, and α ∈ (0, 1) is from Theorem 3.2.
Remark 3.7. To directly apply the results of Theorem 3.2, we may take β = α, and
Λ1 = 2Λ0, as well as Cˆ = C1. We state the Theorem 3.6 this way so that it can be
easily adapted in later applications.
Proof. Using (3.19), for any t ∈ [0, T ) we have∫
Mt
H dµ = h(t)
∫
Mt
H2 dµ ≥ 1
Λ21
.
Therefore we can always find a point x0 ∈ Mt (which may depend on t ∈ [0, T ))
such that
(3.24) H(x0, t) ≥ 1
Λ21|Mt|
=
1
Λ21|M0|
.
Now by (3.19), (3.20), the inequality |H | ≤ √n|A|, and the Theorem 3.1, for fixed
t ∈ [0, T ), we have
H(x, t) −H(x0, t) ≥ −max|∇H |diam(Mt)
≥ −CˆǫβC(n)
∫
Mt
Hn−1dµ
≥ −CˆǫβC(n)nn−12 |M0|Λn−11 .
Now we can apply (3.24), and choose ǫ1 = ǫ1(n, |M0|,Λ1, Cˆ, β) > 0 sufficiently
small, such that if ǫ ≤ ǫ1, then for all t ∈ [0, T ), we have
(3.25) minMtH ≥ H(x0, t)− CˆǫβC(n)n
n−1
2 |M0|Λn−11 ≥
1
2Λ21|M0|
> 0.
Moreover, we have
hH2 =
H2
∫
Mt
Hdµ∫
Mt
H2dµ
≤ H
2
∫
Mt
{H(x0, t) + max|∇H |diam(Mt)}dµ∫
Mt
{H(x0, t)−max|∇H |diam(Mt)}2dµ
≤ {H(x0, t) + max|∇H |diam(Mt)}
3
{H(x0, t)−max|∇H |diam(Mt)}2 .
We can then apply the estimate on |∇H |, namely (3.20), we can choose ǫ1 small
enough such that from above, we have
hH2 ≤ 3
2
H(x0, t)− 2max(|∇H |)diam(Mt).
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This implies, by choosing a possibly smaller ǫ1, we have
max
Mt
(
2
n
hH2 − 4
n
H
)
= max
Mt
2
n
(
hH2 − 2H)
≤ 2
n
(
3
2
H(x0, t)− 2H(x0, t)
)
≤ − 1
nΛ21|M0|
.(3.26)
Here in the last step, we applied (3.24).
To derive exponential decay for |A˚|2, we recall its evolution equation, namely,
(iii) of Corollary 2.6, we have
∂
∂t
|A˚|2 = h∆|A˚|2 − 2h|∇A˚|2 + 2h|A|2|A˚|2 − 2
(
tr(A˚
3
) +
2
n
H |A˚|2
)
≤ h∆|A˚|2 +
(
2h(|A˚|2 + 1
n
H2) + 2|A˚| − 4
n
H
)
|A˚|2
= h∆|A˚|2 + (2h|A˚|2 + 2|A˚|)|A˚|2 +
(
2
n
hH2 − 4
n
H
)
|A˚|2
Now we use the inequality |A˚| ≤ Cˆǫβ ((3.20)), and the inequality (3.26), by choosing
a possibly smaller ǫ1, we have for ǫ < ǫ1,
(3.27)
∂
∂t
|A˚|2 ≤ h∆|A˚|2 − 1
2nΛ21|M0|
|A˚|2 = h∆|A˚|2 − 2δ|A˚|2,
where δ = 1
4nΛ2
1
|M0|
.
Therefore the exponential decay of |A˚|, namely the estimate (3.22) now follows
from the maximum principle (Theorem 2.12).
Finally, once we obtain (3.22), we can prove (3.23) exactly following the argument
in the proof of the Theorem 3.2 (see (3.10)–(3.14)).
4. Proof of Theorem 1.1: continued
We now assemble estimates obtained from last section to complete the proof of
the main theorem: in §4.1, we prove the long-time existence of the flow (1.1) by
establishing the uniform upper bound for |A|; in §4.2, we show the exponential
convergence of the flow.
4.1. Extending the time interval. In the previous section, we obtain the expo-
nential decay for |A˚|, |∇H | and |1− hH | on some time interval. We will next show
that this implies a uniform bound on the function h, which consequently yields the
uniform bound on |A|. We will state the theorem in a more general form in order
for later application.
Theorem 4.1. Let Mnt ⊂ Rn+1, n ≥ 2, be a smooth compact solution to the surface
area preserving mean curvature flow (1.1) with initial conditions (3.1) and (3.2).
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Suppose that for any t ∈ [0, T ), T ≤ ∞ we have
(4.1) max
Mt
|A| ≤ Λ2 and 1
Λ2
≤
{
h(t) ,
∫
Mt
H2 dµ
}
≤ Λ2
and
(4.2) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C˜ǫβe−αδt ,
for some β, δ > 0 and α > 0, where α is the same as in the Theorem 3.2, and β, δ
are the same as in the Theorem 3.6.
Then we have the following uniform estimate for all t ∈ [0, T ):
(4.3)
∫
M0
H2 dµ− b0δ−1ǫβ ≤
∫
Mt
H2 dµ ≤
∫
M0
H2 dµ+ b0δ
−1ǫβ ,
where b0 = b0(n, |M0|,Λ2, C˜) = 2(n 32Λ22 + C˜)Λ2|M0|C˜ and
(4.4) h(0)− b1δ−1ǫβ ≤ h(t) ≤ h(0) + b1δ−1ǫβ ,
where b1 = b1(n, |M0|,Λ2, C˜) = (2n 12Λ22 + 2nC˜ + 1)Λ32|M0|C˜.
Moreover, there exists ǫ2 = ǫ2(n, |M0|,Λ2, C˜, β, δ) > 0 such that if ǫ ≤ ǫ2 then
for any t ∈ [0, T )
(4.5) max
Mt
|A| ≤ Λ40,
and
(4.6)
1
Λ40
≤
{
h(t) ,
∫
Mt
H2 dµ ,
∫
Mt
|∇mA|2 dµ
}
≤ Λ40,
for all m ∈ [1, m̂], where m̂ and Λ0 are from the Theorem 3.2.
Proof. Without loss of generality, we assume ǫ ≤ 1. We start by recalling the
following integral (3.16):
∂
∂t
∫
Mt
H2 dµ =
∫
Mt
H3(1− hH)− 2h|∇H |2 − 2(1− hH)H |A|2 dµ.
Using the assumptions (4.1) and (4.2), we can estimate this integral term by term
as follows:
|H3(1− hH)| ≤ n 32Λ32C˜ǫβe−δt,
and
2h|∇H |2 ≤ 2Λ2C˜2ǫ2βe−2δt,
and
2H |1− hH ||A|2 ≤ 2n 12Λ32C˜ǫβe−δt.
Putting these estimates together, and abusing our notation for C˜ and δ, we obtain
(4.7)
∣∣∣∣ ∂∂t
∫
Mt
H2 dµ
∣∣∣∣ ≤ C˜ǫβe−δt for all t ∈ [0, T ).
Integrating this over [0, t] for any t ≤ T we obtain the estimate (4.3).
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In order to show the estimate (4.4), we use the evolution equation of h, namely,
the Lemma 2.8:
∂
∂t
h =
∫
Mt
[−(1− 2hH)(1− hH)|A|2 +H2(1 − hH)2 + 2h2|∇H |2 ]dµ∫
Mt
H2 dµ
.
We again estimate it term by term, under the assumptions (4.1), (4.2). Up to abuse
of the notation for C˜ = C˜(n, |M0|,Λ2) and δ, assuming again that ǫ ≤ 1, we have
for any t ∈ [0, T ):
(4.8)
∣∣∣∣ ∂∂th
∣∣∣∣ ≤ C˜ǫβe−δt.
Integrating this over [0, t] for any t ≤ T we get (4.4).
We then use
|H | ≤ |1− hH |
h
+
1
h
,
and we choose ǫ2 = ǫ2(n, |M0|,Λ2, C˜, β, δ) > 0 sufficiently small, in view of the
initial condition (3.1) ( 1Λ0 ≤ h(0) ≤ Λ0), and (4.2)–(4.4), we get, for any t ∈ [0, T ),
max
Mt
|H | ≤ |1− hH |
h
+
1
h
≤ 5
4h
≤ 5
4(h(0)− 14Λ0 )
≤ 5Λ0
3
.
and thus
(4.9) max
Mt
|A| ≤ max
Mt
(√
|A˚|2 + 1
n
|H |2
)
≤ 2Λ0 ≤ Λ40,
where we can choose Λ0 large enough for the last inequality. This proves (4.5).
The bound on h(t) and
∫
Mt
H2 dµ in (4.6) follows immediately from (3.1), (4.3)
and (4.4). We are left to estimate the integral
∫
Mt
|∇mA|2 dµ.
Now the Lemma 2.11 yields for all m ∈ [1, m̂],
d
dt
∫
Mt
|∇mA|2 dµ ≤ C(n,m, |h|)max
Mt
{|A|2 + |A|}
∫
Mt
|∇mA|2 dµ
≤ C′(n,m, |h|)Λ20
∫
Mt
|∇mA|2 dµ.(4.10)
Since we are allowed to assume Λ0 in Theorem 3.2 is sufficiently large so that
Λ0 ≥ max{C′(n,m, |h|), 100} ,
then we obtain from the inequality (4.10) that∫
Mt
|∇mA|2 dµ ≤ C′(n,m, |h|)Λ20
∫
M0
|∇mA|2 dµ ≤ Λ40 .
Now our proof is complete.
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We now complete the proof for long-time existence of the flow by the following
extension theorem:
Theorem 4.2. Let Mnt ⊂ Rn+1, n ≥ 2, be a smooth compact solution to the surface
area preserving mean curvature flow (1.1) with initial conditions (3.1) and (3.2).
Suppose that for any t ∈ [0, T ], T <∞ and for all m ∈ [1, m̂] we have
(4.11) max
Mt
|A| ≤ Λ40 and
1
Λ40
≤
{
h(t) ,
∫
Mt
H2 dµ ,
∫
Mt
|∇mA|2 dµ
}
≤ Λ40
and
(4.12) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C∗ǫα22 e−αδt ≤ C∗ǫα22 .
Here 0 < α < 1 is the universal constant from the Theorem 3.2 and δ = 1
16nΛ8
0
|M0|
>
0. Then there exists some ǫ3 = ǫ3(n, |M0|,Λ0, α, C∗) > 0 and T2 = T2(Λ0) > 0 such
that if
(4.13)
∫
M0
|A˚|2 dµ ≤ ǫ ≤ ǫ3 ,
then (4.11) and (4.12) hold for all t ∈ [0, T + T2].
Proof. We start by applying the Theorem 3.2 while setting the initial time to be
t = T . Then there exists ǫ4 := ǫ0(n, |M0|,Λ40) > 0 and T2 := T1(Λ40) > 0 such that
if ∫
M0
|A˚|2 dµ ≤ ǫ ≤ ǫ3 ,
then for all t ∈ [T, T + T2] we have
(4.14) max
Mt
|A| ≤ 2Λ40 and
1
2Λ40
≤
{
h(t) ,
∫
Mt
H2 dµ
}
≤ 2Λ40,
and for some α ∈ (0, 1),
(4.15) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C1(n, |M0|,Λ40)ǫα .
Now we can choose ǫ5 = ǫ5(n, |M0|,Λ0, α) > 0 sufficiently small such that for all
ǫ < ǫ5, we have
C1(n, |M0|,Λ40)ǫα−
α2
2 ≤ C∗
and therefore for all t ∈ [0, T + T2], we have
(4.16) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C∗ǫα22 .
We are now in position to apply the Theorem 3.6 as follows. Given (4.11) for
t ∈ [0, T ], (4.14) for t ∈ [T, T + T2] and (4.16) for t ∈ [0, T + T2], we apply the
Theorem 3.6 on the time interval [0, T + T2] with Λ1 = 2Λ
4
0, Cˆ = C
∗ and β = α
2
2
to find that there exists some ǫ6 := ǫ1(n, |M0|,Λ0, C∗, α) > 0 sufficiently small, so
that if ǫ ≤ ǫ6, then for all t ∈ [0, T + T2], we have
max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C2(n, |M0|, 2Λ40, C∗)(max
M0
|A˚|
)α
e−αδt
≤ C2(n, |M0|, 2Λ40, C∗) (C1(n, |M0|,Λ0))α ǫα
2
e−αδt ,(4.17)
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where δ = 1
16nΛ8
0
|M0|
> 0. Here we have also used the estimate (3.4) at t = 0.
We can then proceed to apply the Theorem 4.1. To do so, we first choose some
ǫ7 = ǫ7(n, |M0|,Λ0, α, C∗) > 0 small enough, so that
(4.18) C2(n, |M0|, 2Λ40, C∗) (C1(n, |M0|,Λ0))α ǫ
α2
2 ≤ C∗.
This allows us to rewrite the estimate (4.17) to:
(4.19) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C∗ǫα22 e−αδt.
Comparing with (4.1) and (4.2), we can then apply the Theorem 4.1 to the time
interval [0, T + T2] with Λ2 = 2Λ
4
0, β =
α2
2 , δ =
1
16nΛ8
0
|M0|
, and C˜ = C∗, so that we
can choose
ǫ8 = ǫ8(n, |M0|,Λ0, α, C∗) := ǫ2
(
n, |M0|, 2Λ40, C∗,
α2
2
,
1
16nΛ80|M0|
)
and if ǫ ≤ ǫ8 then we have (4.11).
We complete the proof by setting
ǫ3 = ǫ3(n, |M0|,Λ0, α, C∗) = min {ǫ4, ǫ5, ǫ6, ǫ7, ǫ8} > 0 .
4.2. Completion of the proof. We now complete the proof of our main theorem:
Proof. (of Theorem 1.1) Suppose that the initial condition (3.1) is satisfied for
some Λ0 ≥ 100 sufficiently large. Then by the Theorem 3.2, we first choose ǫ0 =
ǫ0(n, |M0|,Λ0) > 0 and T1 = T1(Λ0) ∈ (0, 1], such that if ǫ ≤ ǫ0, then estimates
(3.3) and (3.4) hold for all t ∈ [0, T1].
Now we can apply the Theorem 3.6 to the interval [0, T1] with Λ1 = 2Λ0, Cˆ =
C1(n, |M0|,Λ0), and β = α, for some
ǫ9 = ǫ9(n, |M0|,Λ0, α) := ǫ1 (n, |M0|, 2Λ0, C1(n, |M0|,Λ0), α) > 0
sufficiently small such that if ǫ ≤ ǫ9, then for all t ∈ [0, T1], we have
max
Mt
(|A˚|+ |∇H |+ |1− hH |)
≤C2 (n, |M0|, 2Λ0, C1(n, |M0|,Λ0))
(
max
M0
|A˚|
)α
e−αγt
≤C2 (n, |M0|, 2Λ0, C1(n, |M0|,Λ0)) (C1(n, |M0|,Λ0))α ǫα
2
2 e−αδt ,(4.20)
where γ = 1
16nΛ2
0
|M0|
≥ δ = 1
16nΛ8
0
|M0|
> 0, and we have again used the estimate
(3.4) at t = 0.
Let C∗ = C2 (n, |M0|, 2Λ0, C1(n, |M0|,Λ0)) (C1(n, |M0|,Λ0))α, the above inequal-
ity (4.20) becomes
(4.21) max
Mt
(|A˚|+ |∇H |+ |1− hH |) ≤ C∗ǫα22 e−αδt.
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This allows us to apply the Theorem 4.2. We see that if we choose (note that
0 < α < 1 is some universal constant)
ǫ ≤ ǫ10 = ǫ10(n, |M0|,Λ0) := min{ǫ9, ǫ3(n, |M0|,Λ0, α, C∗)}
then the flow (1.1) exists for all time and converges exponentially to a round sphere.
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